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INVARIANCE OF CONFORMAL DIMENSION UNDER Lp-OE
FOR HYPERBOLIC COXETER GROUPS WITH CLP
KAJAL DAS
Abstract: Conformal dimension is one of the important geometric quanti-
ties attached to a metric space. It is well known that if two Gromov hyperbolic
groups are quasi-isometric, then conformal dimensions (of the canonical confor-
mal gauge) of their Gromov boundaries are equal. In recent years it has been seen
that there are some geometric properties of groups which are invariant under Lp-
measure equivalence. Lp-measure equivalence (Lp-ME) or Lp-orbit equivalence
(Lp-OE), which are closely related, has been studied for some classes of hyperbolic
groups, for lattices in Isom(Hn) (n ≥ 3) by Bader-Furman-Sauer [BFS13], for
free groups by L. Bowen [Bow17]. In this article we start to investigate Lp-OE
for Gromov Hyperbolic groups. We prove that for hyperbolic (in the sense of Gro-
mov) Coxeter groups with boundaries having Combinatorial Loewner Property,
conformal dimension (of the canonical conformal gauge) of the Gromov boundary
is invariant under Lp-OE for some large p.
Mathematics Subject Classification (2010): 20F55, 20F69, 20F65, 37A05,
37A15, 37A20, 51F99.
Key terms:: conformal dimension, hyperbolic coxeter groups, Lp-Measure
Equivalence, combinatorial Loewner Property.
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1. Introduction
Measure equivalence (ME) is an equivalence relation on finitely generated
groups introduced by Gromov in [Gro93], as a measure-theoretic analogue of
quasi-isometry (QI). The first detailled study of ME was performed in the work
of Furman [Fur99a] in the context of ME-rigidity of lattices in higher rank simple
Lie groups. Lp-measure equivalence (Lp-ME) is defined by imposing Lp-condition
on the cocycle maps arising from a measure equivalence relation. Such integrabil-
ity condition first appeared in Margulis’s proof of the normal subgroup theorem
for irreducible lattices [Ma79]. Orbit equivalence (OE) is a natural concept of
equivalence between two group actions on probability spaces. Orbit Equivalence
is closely related to Measure Equivalence and Lp-orbit equivalence is defined in
a similar way as it is defined for Measure Equivalence.
Lp-orbit equivalence or Lp-measure equivalence is an emerging area in the over-
lap geometric group theory and measured group theory. the main question in
Lp-measured group theory is of the following type :
Which geometric properties of groups are invariant under Lp-ME?
In recent history, there are major works on Lp-measure equivalence, first stud-
ied by Y. Shalom in [Sh00], [Sh00’], [Sh04] and later by Bader-Furman-Sauer
[BFS13]. Subsequently, it appeared in the work of T. Austin ( L. Bowen, ap-
pendix) [Aus16] , Das-Tessera [DT18], Das [Das18], T. Austin [Aus16’] and
[Bow17]. We briefly survey the recent developments .
• Shalom has used L2-measure equivalence in [Sh00’] to induce cocyle from
unitary representations of one group to another group. In [Sh04] he
proves that if two amenable groups are quasi-isometric, then they are
L∞-measure equivalence.
• In [BFS13] Bader- Furman-Sauer prove L1-measure equivalence rigidity
for lattices in SO(n, 1), n ≥ 3.
• T. Austin proves that if two nilpotent groups are L1-ME, then their as-
ymptotic cones are bi-Lipschitz isomorphic [Aus16]. In the appendix, L.
Bowen proves that if two finitely generated groups are L1-ME, then they
have same ‘growth types’.
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• In [DT18] the authors prove that quasi-isometry and measured equiva-
lence together do not imply L1 or L∞-measure equivalence.
• L. Bowen proves ‘integrable orbit equivalence’ rigidity for free groups in-
side the class of accessible’ groups [Bow17].
• T. Austin proves the invariance of entropy (up to scaling) under ‘bounded
stable orbit equivalence’ and ‘integrable semi-stable orbit equivalence’ for
amenable groups [Aus16’].
For non-amenable groups Lp-measure equivalence or Lp-orbit equivalence has
been studied for lattices in Isom(Hn) (n ≥ 3) [BFS13], and very recently by L.
Bowen for free groups in [Bow17]. There has not been any work done for general
Gromov hyperbolic groups so far. In this article we start to investigate for this
class of groups. However, it is well known that conformal dimension is invariant
under quasi-isometry for Gromov hyperbolic groups . In this paper, we ask the
question for Lp-orbit equivalence. We obtain an affirmative answer for a special
class of hyperbolic Coxeter groups.
1.1. Statement of the main theorem. In this paper, we prove the following
theorem.
Theorem 1.1. (Main Theorem)
Let Γ and Λ are two hyperbolic Coxeter groups with boundaries having Com-
binatorial Loewner Property. Suppose, Γ and Λ are Lq-OE, for q > Confdim(Γ),
Confdim(Λ). Then, the conformal dimensions (of the canonical conformal gauge)
are equal.
1.2. Acknowledgements. I am very grateful to Romain Tessera for suggest-
ing me this problem and for valuable discussions on this project. I would like
to thank Projet ANR-14-CE25-0004 GAMME for supporting me financially for
conferences which helped me develop my knowledge on Geometric Group Theory
and Measured Group Theory. I would also like to thank John M. Mackay for
some helpful discussions during the visit to University of Bristol. I would like to
thank Yongle Jiang for pointing out some of the typos.
2. Definition of coxeter groups
Coxeter groups are abstractions of reflection groups. The following definition
of Coxeter group is taken from [Mou88]. Suppose that a group W has a presen-
tation of the form {S : (ss′)m(s,s
′) = 1} , where S is a finite set, and the function
m : S × S → N ∪ {∞} satisfies the following conditions:
• m(s, s′) = m(s′, s),
• m(s, s) = 1,
• m(s, s′) ≥ 2 if s 6= s′.
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( If m(s, s′) =∞, then the corresponding relation is omitted). Then the natural
map S →W maps S bijectively onto a set of elements of order 2 inW , and, after
identifying elements of S with their images, the order of ss′ in W is m(s, s′). The
pair (W,S) is called a Coxeter system, and W is called a Coxeter group.
We are interested in hyperbolic Coxeter groups. We recall the definition of
hyperbolic groups in the sense of Gromov, introduced in [Gro87]. A finitely
generated group G is called hyperbolic if the triangles in its Cayley graphs are
δ-thin for some δ ≥ 0, i.e., for every geodesic triangle with sides [x, y], [y, z] and
[z, x] in X and for every p ∈ [x, y], one has dist(p, [y, z] ∪ [z, x]) ≤ δ , where X
is a Cayley graph of G with respect to some generating set S. We remark that
hyperbolicity is independent of the generating set S. Hyperbolic Coxeter groups
are the abstractions of reflection groups in hyperbolic space.
3. Lp-orbit equivalence
3.1. Orbit Equivalence.
Definition 3.1. (Orbit equivalence)[Gab10] Assume that Γy (X, µ) and Λy
(Y, ν) are two probability measure preserving( p.m.p.) , essentially free , ergodic
actions. Two such actions are orbit equivalent (OE) (notation: Γy (X, µ) ≃OE
Λ y (Y, ν)) if there is a measured space isomorphism f : X → Y that sends
orbits to orbits, i.e., for a.e. x ∈ X f(Γ · x) = Λ · f(x).
Definition 3.2. Suppose Γ y (X, µ) ≃OE Λ y (Y, ν) as before. we can define
measurable function α : Γ×X → Λ, called cocycle associated to the OE-relation,
by the following rules :
f(γ · x) = α(γ, x) · f(x)
for a.e. x ∈ X and for all γ ∈ Γ. Similarly, we can define cocycle β : Λ×Y → Γ
3.2. Lp-orbit Equivalence.
Definition 3.3. We say that two groups Γ and Λ are Lp-orbit equivalence if these
two groups have actions on probability spaces Γy (X, µ) and Λy (Y, ν) which
are orbit equivalent, and the associated cocyles are Lp-integrable, i.e.,∫
XΛ
|α(γ, x)|pΛdµ(x) <∞ and
∫
XΓ
|α(λ, y)|pΓdν(y) <∞
for all γ ∈ Γ and λ ∈ Λ. | · |Γ and | · |Λ are word-metric for the groups Γ and
Λ, respectively, with respect to some generating sets SΓ and SΛ, respectively. We
remark that the p-integrability of α and β do not depend on the generating sets.
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3.3. Lp-Measured Equivalence. Given countable discrete groups Γ and Λ, a
measure equivalence (ME) coupling between them is a nonzero σ-finite measure
space (X, µ), which admits commuting free µ-preserving actions of Γ and Λ which
both have finite-measure fundamental domains, respectively XΓ and XΛ, i.e.,
X = ⊔γ∈ΓγXΓ ⊔λ∈Λ λXΛ
Let α : Γ×XΛ → Λ (resp. β : Λ×XΓ → Γ) be the corresponding cocycle defined
by the rule: for all x ∈ XΛ, and all γ ∈ Γ, α(γ, x)γx ∈ XΛ (and symmetrically
for β). If, for any λ ∈ Λ and γ ∈ Γ, the integrals∫
XΛ
|α(γ, x)|pdµ(x) and
∫
XΓ
|β(λ, x′)|pdµ(x′)
are finite, then the coupling is called Lp-ME and the groups are called Lp-measure
equivalent. The strongest form is when p =∞, in which case the coupling is called
uniform, and the groups uniformly measure equivalent (UME), as it generalizes
the case of two uniform lattices in a same locally compact group. For p = 1,
the coupling is called integrable, and the groups are said to be integrable measure
equivalent (IME).
Remark 3.4. Suppose Γ and Λ are measured equivalence with XΓ = XΛ. Then
the groups are orbit equivalent with X = XΓ and Y = XΛ as in subsection 3.2.
4. Definition of conformal dimension
The concept of conformal dimension was introduced by P. Pansu in [Pan89].
We first define quasi-symmetric map and conformal gauge to introduce conformal
dimension. The following definitions are taken from [MT10].
Definition 4.1. (Quasi-symmetric map)
Let η be a distortion function. Let f : (Z, d) → (Z ′, d′) be a homeomorphism
of metric spaces. We say that f is η-quasi-symmetric if
dZ′
(
f(z1),f(z2)
)
dZ′ (f(z2),f(z3))
≤ η
(
d(z1,z2)
d(z2,z3)
)
for all z1, z2, z3 ∈ Z , z1 6= z3.
We say that f is quasi-symmetric if it is η-quasi-symmetric for some η, and
that (Z, d) and (Z ′, d′) are quasi-symmetrically equivalent if there exists a quasi-
symmetry from Z to Z ′.
Definition 4.2. (Conformal Gauge) The conformal gauge G of a metric space
(Z, d) is the collection of all metric spaces (Z ′, d′) which are quasi-symmetrically
equivalent to (Z, d).
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Definition 4.3. (Conformal Dimension) The conformal dimension, denoted
by Confdim of G, of a conformal gauge G, is the infimum of the Hausdorff dimen-
sions of all metric spaces in G.
Remark 4.4. The conformal dimension (of the canonical conformal gauge) of the
Gromov boundary of Gromov hyperbolic groups is invariant under quasi-isometry
(See page 30, Corollary 3.2.14. in [MT10]).
5. Combinatorial Loewner property (CLP) for metric space
In this article, we are interested in a special class of Hyperbolic Coxeter groups,
those groups whose boundaries have combinatorial Loewner property. We con-
sider the boundary of a hyperbolic group with visual metric. We recall the
definition of Combinatorial Loewner property for a metric space from [BK13].
Let Z be a compact metric space. For every k ∈ N, let Gk be the incidence
graph of a ball cover {B(xi, 2
−k)}mi=1, where Gk is a maximal 2
−k-separated subset.
Let p ≥ 1. The Gk-combinatorial p-modulus of , denoted by Modp(F , Gk), is a
quantity attached to a curve family F in Z. We refer to the subsection 2.1
of [BK13] for the detailed definition of Modp(F , Gk). For any pair of subsets
A,B ∈ Z, we let Modp(A,B,Gk) = Modp(F , Gk) where F is the collection of
paths joining A and B.
A metric space Z is called a doubling metric space if there is a constant n ∈ N
such that every ball B can be covered by at most n/2 balls of radius r(B), where
r(B) is the radius of the ball B. For a doubling metric space the combinatorial
modulus does not depend on the choice of the graph approximation up to a
multiplicative constant.
Definition 5.1. [BK13] Suppose p > 1. Let Z be a compact arc-wise connected
doubling metric space. Then Z satisfies the Combinatorial p-Loewner Property if
there exist two positive increasing functions φ, ψ on (0,∞) with limt→0ψ(t) = 0,
such that for all disjoint non-degenerate continua A,B ⊆ Z and for all k with
2−k ≤ min{diamA, diamB} one has:
φ(∆(A,B)−1) ≤Modp(A,B,Gk) ≤ ψ(∆(A,B)
−1),
where the relative distance ∆(A,B) is defined by ∆(A,B) = dist(A,B)
min{diamA,diamB}
. We say that Z satisfies the Combinatorial Loewner Property if it satisfies the
Combinatorial p-Loewner Property for some p > 1.
Example 5.2. Sierpienski Carpet and Menger Curve satisfy the Combinatorial
Loewner Property.
Example 5.3. There are significant number of hyperbolic Coxeter groups having
CLP. For example, simplex group, prism group, highly symmetric coxeter group
have CLP [BK13]. We refer to [BK13] for further reading.
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6. Proof of the main theorem
In this section, we prove our main theorem. One key ingredient of the proof
of 1.1 is lp-cohomology of a group. There is an excellent result by Bourdon
and Kleiner [BK13], which relates geometric quantity ‘conformal dimension’ and
‘algebraic quantity’ the first lp-cohomology’ of a group. We recall the definition
of lp-cohomology.
6.1. Definition of lp-cohomology. Let Γ be a finitely generated group and fix
a Cayley graph of Γ. Suppose VΓ and EΓ are the vertex set and the edge set of
the Cayley graph, respectively. The first lp-cohomology group of Γ, denoted by
lpH1(Γ), will be defined as a quotient of the space of functions f : VΓ → R. We
follow the definition given in [MT10].
Let lp(VΓ), respectively l
p(EΓ), denote the collection of p-summable functions
f : VΓ → R, respectively g : EΓ → R.
The differential of f : VG → R, denoted df , is the map from EΓ to R defined
by df(ab) = f(b) − f(a). Since VΓ has bounded valence, df ∈ l
p(EΓ), whenever
f ∈ lp(VΓ). Since VΓ is connected, df = 0 if and only if f is a constant.
The first lp cohomology group of Γ written lpH1(Γ), is defined as follows:
{f : VΓ → R : df ∈ l
p(EΓ)}/(l
p(VΓ)
⊕
R · 1) , where 1 denotes the constant
function: 1(v) = 1 for all v ∈ VΓ.
We remark that the isomorphism type of lpH1(Γ) is a quasi-isometry invariant
of the underlying graph VΓ, and thus an invariant of Γ. We will write l
pH1(Γ)
for the isomorphism class of first lp-cohomology groups associated to Γ.
6.2. 1-cohomology with coeffcients in a Banach Space. Let Γ be a discrete
group. Let pi be an isometric representation of Γ on a Banach space B.
1. A mapping b : Γ → B s.t. b(gh) = b(g) + pi(g)b(h), for all g, h ∈ Γ is
called a 1-cocycle with respect to pi.
2. A 1-cocycle b : Γ → B for which there exists ξ ∈ B such that b(g) =
pi(g)ξ − ξ, for all g ∈ Γ, is called a 1-coboundary with respect to pi.
3. The quotient spaceH1(Γ, pi) = Z1(Γ, pi)/B1(Γ, pi) is called 1-cohomology
associated to the representation pi. The reduced 1-cohomology of Γ
associated to the representation pi is the quotient vector space H1(Γ, pi) =
Z1(Γ, pi)/B¯1(Γ, pi), where the closure is taken w.r.t. the pointwise conver-
gent topology. Sometimes, we use the notations H1(Γ, B) and H¯1(Γ, B)
for 1-cohomology and reduced 1-cohomology, respectively.
We briefly mention following two propositions which will be required in the
proof of main theorem 1.1.
Proposition 6.1. lpH1(Γ) = H1(Γ, lp(Γ), where ρΓ is acting on l
p(Γ) by right
regular action.
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Proof. We briefly sketch the proof. Let f : VΓ → R be a representative of a class
in lpH1(Γ). Suppose S is a generating subset of Γ. We define b : Γ → lp(Γ) by
b(s)(γ) = f(vγs)− f(vγ). On the other hand, if we have a cocycle b : Γ→ l
p(Γ),
we define f(eγ,γs) = b(s)(γ), where eγ,γs is the edge between vγs and vγ indexed
by s. 
Theorem 6.2. Suppose p ∈ (1,∞). TFAE:
(a) Γ is non-amenable,
(b) lpH1(Γ) = lpH¯1(Γ),
Proof. We refer the readers to [Bou10] ( Theorem 1.5, p. 9 ) for the proof of the
proposition. 
6.3. Induced representation. Given 1 ≤ p ≤ ∞ and some isometric represen-
tation pi of Λ on a Banach space B, we define the induced representation Indp,ΓΛ pi
to Γ on
Lp(XΛ, B) := {ψ : XΛ → B |
∫
XΛ
|ψ|pdµ <∞}
in the following way:
γψ(x) = pi(α(γ−1, x)−1)ψ(γ−1· x).
Observe that this is a “linear induction”, and no integrability assumption on the
coupling is required.
6.4. Relation between conformal dimension and lp-cohomology of groups.
The main ingredients of the proof is the following theorem by Bourdon-Kleiner
which relates conformal dimension and lp-cohomology:
Theorem 6.3. [BK13](Bourdon-Kleiner) Let Γ be a hyperbolic coxeter group
with boundaries having combinatorial Loewner property. Then
ConfdimΓ = inf{p 6= 0 : lpH1(Γ) 6= 0}
6.5. Proof of the main theorem. [Theorem 1.1]
Proof. Suppose Γ and Λ are Lq-Orbit Equivalent, where q > Confdim(∂Γ),
Confdim(∂Λ). Γ y (X, µ), Λ y (Y, ν) are p.m.p. actions and α : Γ × X → Λ
and β : Λ× Y → Γ are Lq-integrable cocyles.
Since q > Confdim(∂Γ), using Theorem 6.3 we obtain that there exists p < q
satisfying lpH1(Γ) 6= 0. We prove that lpH1(Λ) 6= 0. By proposition 6.1 and
theorem 6.2, we obtain that lpH1(Γ) = H¯1(Γ, lp(Γ)). Let b : Γ→ lp(Γ) be a non-
zero cocyle coming from H¯1(Γ, lp(Γ)). Since Γ and Λ are Lq-OE. We consider the
induced representation of IndΛΓ(ρΓ) of Λ with coefficients in L
p(Y, lp(Γ)), where
L
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ρΓ is the right-regular representation of Γ on l
p(Γ). The induced representation
is defined as follows:
[σ(λ)(φ)](y) := ρΓ
(
β(λ−1, y)−1
)
φ(λ−1 · y),
where φ ∈ Lp(Y, lp(Γ)), y ∈ Y and λ ∈ Λ.
We define 1-cocyle B ∈ Z1(Λ, Lp(Y, lp(Γ)) associated to σ by the following way:
B(λ)(y) := b[β(λ−1, y)−1],
where λ ∈ Λ, y ∈ Y .
We claim that B is well-defined, i.e., B is p-integrable. We fix λ ∈ Λ and we
suppose that Γ is generated by S = {s1, . . . , sk}.
Proof of claim:
∫
Y
‖B(λ)(y)‖pdν(y) =
∫
Y
‖b[β(λ, y)]‖pdν(y)
≤ max{‖b(si)‖
p}ki=1
∫
Y
| β(λ, y) |p dν(y) <∞

In the above inequality, we use the definition of 1-cocyle b and p-integrability
of β. Now, Lp(Y, lp(Γ)) is isometrically isomorphic to Lp(X, lp(Λ)) as Banach
spaces by the map φ 7→ φ˜, where φ˜ is defined as follows:
[φ˜(x)](λ) = φ
(
λ−1 · f(x)
)
{β
(
λ−1, f(x)
)−1
},
where λ ∈ Λ, x ∈ X . Λ-action on Lp(X, lp(Λ)) is defined as follows:
[σ˜(λ)φ˜](x) := ρΛ(λ)[φ˜(x)],
where φ˜ ∈ Lp(X, lp(Λ)), λ ∈ Λ, x ∈ X and ρΛ is the right-regular representation
of Λ on lp(Λ). The cocycle B˜ ∈ Z1(Λ, Lp(X, lp(Λ)) is defined as follows:
[B˜(λ)(x)](λ) = [B(λ)
(
λ−1 · f(x)
)
]{β
(
λ−1, f(x)
)−1
},
where λ, λ ∈ Λ, x ∈ X .
We claim that B˜ is a cocyle.
Proof of claim:
10 DAS
B˜(λ1λ2)(x)](λ)
= [B(λ1λ2)(λ
−1 · f(x))]{β(λ−1, f(x))−1}
= [{B(λ1)(λ
−1 · f(x))} + {σ(λ1)B(λ2)}(λ
−1 · f(x))]{β(λ−1, f(x))−1}
= [B˜(λ1)(x)](λ) + [ρΓ(β(λ
−1
1
, λ−1 · f(x))−1){B(λ2)(λ
−1
1
· λ−1 · f(x))}]{β(λ−1, f(x))−1}
= [B˜(λ1)(x)](λ) + [{B(λ2)}(λ
−1
1
· λ−1 · f(x))]{β(λ−1, f(x))−1β(λ−1
1
, λ−1 · f(x))−1}
= [B˜(λ1)(x)](λ) + [{B(λ2)}(λ
−1
1
· λ−1 · f(x))]{β(λ−1
1
, λ−1 · f(x))β(λ−1, f(x))}−1
= [B˜(λ1)(x)](λ) + [{σ˜(λ1)B˜(λ2)}(x)](λ)
= [{B˜(λ1) + σ˜(λ1)B˜(λ2)}(x)](λ)

We use the cocyle relation for β in the above equality. Now, we assert that
H¯1(Λ, Lp(Y, lp(Γ))) is isomorphic to H¯1(Λ, Lp(X, lp(Λ))). It suffices to prove
that the map from Lp(Y, lp(Γ)) to Lp(X, lp(Λ)) given by φ 7→ φ˜ as above is
Λ-equivariant.
Proof of claim:
[σ˜(λ)(φ)(x)](λ) = [(λ · φ)
(
λ−1 · f(x)
)
]{β
(
λ−1, f(x)
)−1
}
= [ρΓ(β(λ
−1, λ−1 · f(x))φ(λ−1λ−1 · f(x))]{β
(
λ−1, f(x)
)−1
}
= [φ(λ−1λ−1 · f(x))]{β
(
λ−1, f(x)
)−1
β
(
λ−1, λ−1 · f(x)
)−1
}
= [φ(λ−1λ−1 · f(x))]{β
(
λ−1λ−1, f(x)
)−1
}
= [φ˜(x)](λλ)
= [
(
σ˜(λ)(φ˜)
)
(x)](λ)

Therefore, H¯1(Λ, Lp(X, lp(Λ))) is non-zero using the fact that H¯1(Λ, Lp(Y, lp(Γ)))
is non-zero. We can write H¯1(Λ, Lp(X, lp(Λ))) as H¯1
(
Λ,
∫ ⊕p
X
ρ
(x)
Λ dµ(x)
)
, where
ρ
(x)
Λ = ρΛ for all x and
∫ ⊕p
X
ρ
(x)
Λ dµ(x) is a direct integral of l
p-spaces. Now, we
state the following lp-space version of Proposition 2.6 (p.190) in [Gui80] : if
H¯1
(
Λ,
∫ ⊕p
X
ρ
(x)
Λ dµ(x)
)
6= 0, then H¯1(Λ, ρ
(x)
Λ ) 6= 0 for some x. One crucial advan-
tage of the reduced cohomology is its disintegration property (which does not
hold in general for ordinary cohomology). Therefore, we obtain H¯1(Λ, ρΛ) 6= 0,
i.e., lpH1(Λ) 6= 0. Now, we use Theorem 6.3 to conclude our theorem.

L
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7. Questions
We study Theorem 1.1 in the context of hyperbolic Coxeter groups with CLP.
The author does not know whether it is true without the condition of CLP or
more generally for hyperbolic groups.
Question 1: Is the theorem true for the class of hyperbolic Coxeter groups or
for the class of hyperbolic groups?
Orbit equivalence is a restrictive notion of measured equivalence. It will be
interesting to study the question for Lp-ME.
Question 2: Is the theorem true for Lp-ME ?
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